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Numerical Solution of the Ideal Magnetohydrodynamic
Equations for a Supersonic Channel Flow

Shigeki Harada,* Klaus A. Hoffmann,t and Justin Augustinus*
Wichita State University, Wichita, Kansas 67260-0044

A fourth-order modified Runge-Kutta scheme augmented with total variation diminishing (TVD) mod-
els have been developed to solve the two-dimensional magnetohydrodynamic equations for supersonic
flows. Several limiters for each TVD model have been extensively investigated. The numerical scheme is
proven to be accurate with the ability to capture strong shocks, expansion waves, reflective waves, and
other physical phenomena occurring in the flowfield without any or with minimum oscillations in the
solution. The numerical scheme has been formulated in generalized coordinates and is applied to a
supersonic flow within a channel including compression and expansion corners. The effect of magnetic
field on the flowfield has been investigated with the application of several externally applied magnetic
fields. The solutions indicate changes in the wave strength and the formation of secondary waves.

Nomenclature
Bx, By, Bz = magnetic field components in the *, y, and z

directions
cs = speed of sound
E, F = flux vectors components in the x and y

directions
et = total energy per unit mass
J = Jacobian of transformation
p = pressure
Q = field vector
£7, V = contravarient velocity components
u, v, w = velocity components in the x, y, and z

directions
Va*, Vay = Alfven wave velocity in the x and y directions
;c, y = Cartesian coordinates
y = ratio of specific heats
A = eigenvalue
£77 = generalized coordinates
p_ = density
4>, 0 = flux limiter function vectors associated with A

and B

Subscripts
a
f
s

= Alfven wave
= fast wave
= slow wave

Introduction

SEVERAL principal applications in space physics, astro-
physics, electrical, nuclear, and aerospace engineering in-

volve the interaction of fluid dynamics and magnetic fields.
For example, the flow around a hypersonic vehicle upon re-
entry will dissociate and ionize because of high temperatures
created by the bow shock around the vehicle. The ionized
plasma and its interaction with the magnetic field, either self-
generated or externally applied, must be considered in the
design of heat shield, flight controls, and communication ap-
paratus. Similarly, solar activities occur in regions with a
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strong magnetic field and any analysis must include the fluid
dynamic-magnetic field interaction.

The governing equations for magnetohydrodynamic (MHD)
that describe the flow of electrically conducting fluid in the
presence of a magnetic field include the conservation laws of
fluid dynamics augmented by terms to include magnetic field
effects and the Maxwell's equation of electrodynamics.

The MHD equations are reduced to the ideal MHD equa-
tions by neglecting the dissipation terms; therefore, the flow is
assumed to be nonthermally conducting and inviscid with no
electrostatic force, displacement current, and resistivity. The
resulting ideal MHD equations are classified as a hyperbolic
system of equations.

In the past several decades computational schemes have
been developed to numerically solve hyperbolic equations.
Schemes introduced by Godunov1 and Roe2 are well known.
However, most of these schemes at the earlier stages of de-
velopment were first-order and, therefore, they produced a
larger dissipation error that had the tendency to smear sharp
flow gradients. As a result, higher-order schemes had to be
developed that produced less dissipation and had a higher or-
der of accuracy. However, some of these higher-order schemes
based on central-difference approximation cause oscillations
near sharp flow gradients. To alleviate/reduce the undesirable
oscillations, several methods were developed. The addition of
second- or fourth-order damping terms is considered as one of
the techniques. Recently, a class of schemes known as total
variation diminishing (TVD) was introduced.3 Analysis of sim-
ple hyperbolic equations has shown that upwind schemes pos-
sess a low dissipation error. To extend the concept of upwind
schemes to a system of hyperbolic equations, several flux vec-
tor splitting schemes have been introduced. The flux vector
splitting of Steger and Warming4 and van Leer5 are examples
of such schemes. Liou and Steffen6 introduced a flux splitting
scheme known as the advection upstream splitting method
(AUSM) that splits the flux into the convective and pressure
terms and possesses the advantages of both flux-vector and
flux-difference splittings. Halt and Agarwal7 introduced a
scheme similar to AUSM known as the wave/particle split
(WPS). The difference between the AUSM and WPS methods
is the way the flux vector is split into two parts.

The numerical schemes reviewed in the preceding text have
been used successfully for the solution of the Euler equations.
The extension of these schemes for the solution of the MHD
equations has not received adequate attention. Brio and Wu8

developed an upwind-differencing scheme by using Roe's lin-
earization process. Dai and Woodward introduced Godunov-
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type schemes such as an approximate Riemann solver,9 the
piecewise parabolic method,10 and a simple Riemann solver
and high-order Godunov schemes.11 Zachary and Colella12 also
introduced a high-order Godunov method. They introduced a
simpler method to calculate the eigenvectors by introducing
the primitive variables vector W and have provided the eigen-
values and eigenvectors. These schemes just discussed have
been used for the one-dimensional seven-wave system of equa-
tions.

The purpose of the present work is to develop the numer-
ical schemes for the ideal MHD equations. The modified
Runge-Kutta scheme has been selected as the basic numerical
scheme for the solution of the MHD equations. As is well
known, the Runge-Kutta scheme using central-difference ap-
proximation possesses a dispersion error that degrades the so-
lution for domains with sharp flow gradients, such as shock
waves. Therefore, a postprocessor that provides a way to add
artificial dissipation mechanisms is added to overcome this
problem. TVD limiters are considered as one of these artificial
dissipation mechanisms, as discussed previously. This scheme
has been employed for solving Euler equations and has been
extensively validated. However, the extension of the scheme
to solve the MHD equations is not straightforward. One of the
difficulties is the determination of the eigenvalues and eigen-
vectors of the system that is necessary for the implementation
of TVD limiters. Furthermore, the Jacobian matrices for the
eight-wave MHD possess singularity. Therefore, a procedure
to remove the singularity has to be developed. Powell et al.13

developed a new set of the governing ideal MHD equations
that can be used to solve multidimensional problems. In the
new set of governing equations, Powell introduced a new ei-
genvalue u (an eighth wave) that he calls the "magnetic di-
vergence wave." The new eight-wave system has a source
term that is proportional to V -B.

Ideal MHD Equations
The MHD equations represent the flow of an electrically

conducting fluid in a magnetic field. The system of equations
is composed of conservations of mass, momentum, and energy
and the Maxwell's equation of electrodynamics. The ideal
MHD equations are as follows.

Conservation of mass:

+ V-(pV) =

Conservation of momentum:

Maxwell's equation of electrodynamics:

— + V-(VB -
dt

and conservation of energy

where

= a + a + kk
V = ui + vi + wk

B =
7T 47T 77

(1)

(2)

(3)

(4)

(5)

(6)

(7)

2p (8)

The vector B is the magnetic field, p is the static pressure,
whereas B*B/2 is the magnetic pressure. In addition to Eqs.
(1-4), the requirement of V-B = 0 must be enforced at the
initial time level and subsequent time levels.

Two-Dimensional Ideal MHD Equations
The system of the two-dimensional eight-wave equations in

a flux-vector formulation can be written as

where

dt dx dy

P
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(9)
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0

477

By

477

H= A
477

U

V

w
uBx + vBy H- w#z

L 4^ J

idBx dBy\
\dx d y )

Two-Dimensional Governing Equations
in Computational Space

The governing equation in the computational domain in a
conservative form is found as the following:

dO dE dF
— + — + — = -H (14)
dr dg dr]

where

Q=Q/J (15)

E - (l/JX&E + fyF) (16)

F = (l/J)(r]xE + nyF) (17)

0
ft

477

477

H= A
477

U

V

w
Wft + V#v + WBZ

477

A=g

dF

^

(24)

(25)

Eigenvalues and Eigenvectors for the System
The eigenvalues of A are determined to be

\Of=U

^(=U

\se± = U±VS(

\a(± = U±Va(

\f(s = U±Vf(

where the contravarient velocities are defined

U •=. ugx + v^y

Va( = v^ + v^y

V% = \ Vvl + ct)a4 + V^ ^(vl + ctfa.

^4[(v^cfK-V^^ + ̂ a

(26a)

(26b)

(26c)

(26d)

(26e)

as

(27)

(28)

'-^]
(29)

•-^«]
(30)

The following definitions associated with the metrics are used

idB, dBy\

— ~ + — - } (18)\di; dr] /

where

ft = (l/JX&ft + £,£,,) (19)

fiy = (l/J)(r)xBx + rjyBy) (20)

The governing equations for the two-dimensional ideal MHD
flow in the computational space can be written in terms of the
associated Jacobian matrices as follows:

dQ dO dO
dr df dr]

where

dEA = ̂  = £XA + £yB (22)

_ dFB = — = r)xA + r]yB (23)

in the preceding expressions:

«« = g + g
jg^J = BX^X + By£y

The eigenvector matrices X and X"1 based on
the following:

~~ L Of +Va£ -Va£ +Vff -Vff +Vyf -V

y-1 __ TJ J 1 1 J 1 J

The right and left eigenvectors are denoted by

(31)

(32)

Q are given by

,{ rd(] (33)

, Wr (34)

r and /, respec-
tively, details of which are provided in Harada et al.14

Now, consider the Jacobian matrix B. The eigenvalues are
as follows:

A0,,= V

A*, = V

\sr)± = V± VS11

X — V •+• V/vaTj± — v — Y ai\

A,,± = V ± V*

where

V = ur]x + vr\y

Vaji = v^x + Vayr)y

(35a)

(35b)

(35c)

(35d)

(35e)

(36)

(37)
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M (38)

j, = i [(v J + c5
2)Z>4 - VkMv2 + c2)2Z?4 - (py/faM (39)

2>4 = rfx + 772 (40)

&,i = Bxrjx + 5,17, (41)

The eigenvector matrices Y and P^1 based on g are given by
the following:

= [/Or, /+v /-v /+v /-v, /+v /-vL "17 ^v,,,, v0)J -i-v^ vflj fvs1l Vj,j

(42)

(43)\ /

Numerical Scheme
The modified fourth-order Runge-Kutta scheme applied to

Eq. (14) yields

G<°> = Q!

0% = Qlj - [LQ™ + ff\j

I AT

.! _ I AT -„ -
2 Af l+l/2'y '+1/2>'

fVn f3ln — Vn IH!" \
V I i,j+1/2 *J i,j+1/2 •* 1,7-1/2 V-* 1,7-1/2/

where

Three different TVD models are investigated.

(44a)

(44b)

(44c)

(44d)

(44e)

(44f)

(45)

TVD Models in Two Dimensions
The TVD models in two-dimensions are developed for each

dimension independent of others. A typical limiter for
Davis-Yee upwind TVD is given in this section. Other limiters
are reported by Harada et al.14 and the selection of limiters was
based on extensive investigation of one-dimensional MHD
equations.

Davis-Yee Symmetric TVD Limiters
The flux limiter functions are given as

fc =-[^(A )2 + (A )(* - •)![Af *i+i/2j 8t+1/2-J *i+i/2j at+l/2-J 8t+l/2-J J
(46a)

(46b)

-1/2= -I

(47a)

The entropy correction, «/f, is given as

0 < e < 0.125 (48)

2e

The following limiters are selected

g «+i/2,; = minmod{2al_1/2J, 2aJ+1/2J,

= minmod{2j3lW-i/2, 2j8/J+1/2,

(49)

(50)

Results and Discussions
The accuracy and robustness of the numerical scheme for

two-dimensional applications are demonstrated in this section.
A supersonic flow within a channel including compression and
expansion corners is used for this purpose. Solutions are ob-
tained for six different cases, each under the influence of a
different magnetic field and freestream Mach number. The
freestream pressure is 100 kPa, and the freestream temperature
is 300 K. The specified magnetic fields and Mach numbers are
provided in Table 1.

Based on the investigation of the one-dimensional problem
reported by Harada et al.,14 the Davis-Yee symmetric TVD
model with limiters [Eqs. (49) and (50)] is selected as the
added dissipation mechanism to the numerical scheme. The
typical domain is shown in Fig. 1, where the specific dimen-
sions for the applications in this section are LI = 10 cm, Z^ =
20 cm, Z^ = 40 cm, L4 = 28 cm, L5 = 42 cm, Hl = 20 cm, and
8 = 10 deg. The grid distribution around the boundary is set
as /! = 2l912 = 91, 74 = 61, IM = 241, and JM = 131. The grid
points are clustered at the compression and expansion corners
and at the expected locations of shock reflections.

Computations are initialized by specification of inflow con-
ditions over the domain. A local time stepping is used to obtain
a steady-state solution. Figure 2 shows typical convergence
histories. The specified Courant-Friedrichs-Lewy number for
all cases is 0.2. The steady-state solutions are reached after

Table 1 Specification of Mach
number and magnetic field

Case B
2.0
2.0
2.0
3.0
3.0
3.0

Oi + Qj

Oi + Qj
100V47TJ +

- 200

L4

f=JM

(47b) Fig. 1 Illustration of the physical domain and its nomenclature.
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8820, 14,471, and 10,367 for cases 1, 2, and 3, respectively.
The convergence criterion for all cases is set at

j=JMMl
iWMA/1

Conv = 0.1

The pressure contours illustrating the formation of oblique
shock, expansion wave, and their interaction and reflection are
shown in Figs. 3-5 for cases 1-3. With a magnetic field cor-
responding to cases 2 and 3 being activated, the pressure con-
tours include additional wave formations as shown in Figs. 4
and 5. The pressure distributions at they location of 1 (lower
surface), 20, 50, and 110 are shown in Figs. 6—8, respectively.
A comparison with the analytical solution is also shown in Fig.
6. A secondary compression wave is generated after the
oblique shock and originated at the compression corner as seen
in Fig. 4 and the accompanying pressure rise in Fig. 6. Further
downstream at the expansion corner a secondary expansion
wave is generated just behind the primary expansion wave.
This secondary wave is specified as an expansion wave caused
by pressure drop, as evident in Fig. 6. The reflection of the
oblique shock from the surface is accompanied with an ex-
pansion wave at both the lower and upper surfaces. The as-
sociated drop in pressure near the upper surface is shown in

5000.0 10000.0
Number of iterations

Fig. 2 Comparison of convergence histories for Af » = 2.0.

Fig. 3 Pressure contours for case 1.

Fig. 4 Pressure contours for case 2.

Fig. 8. This reflected wave is similar and can be interpreted as
a compound wave identified in the one-dimensional magnetic
shock-tube problem. When the magnetic field is modified to
that of case 3, the secondary waves become much weaker. In
fact, no secondary wave is observed at the compression or the
expansion corners, and the reflected oblique shock is accom-
panied with a very weak expansion wave. It is interesting to
note that the maximum pressure rise downstream of the re-
flected waves is smaller when the magnetic field is activated.

The pressure contours illustrating the formation of oblique
shock, expansion wave, and their interaction and reflection for
cases 5 and 6 are shown in Figs. 9 and 10. The pressure and

1E+5

20.0 40.0 60.0
x(cm)

Fig. 6 Comparison of the pressure distributions on the lower
surface for Mx = 2.0.

1E+5 HI-

20.0 40,0 60.0
x(cm)

Fig. 7 Comparison of the pressure distributions at j = 20 for
M» = 2.0.

1E+5 HI-

20.0 40.0 60.0
x(cm)

Fig. 5 Pressure contours for case 3.
Fig. 8 Comparison of the pressure distributions at j = 50 for
M „ = 2.0.
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density distributions at the j location of 1 (lower surface), 20,
50, and 110 are shown in Figs. 11-14, respectively. With a
magnetic field corresponding to case 5 being activated, the
pressure contours include additional wave formations as shown
in Fig. 9, which were also observed for M^ — 2.0. A compar-
ison with analytical solution is also included in Fig. 11. As
observed for case 2 a secondary compression wave is also
generated after the oblique shock originated at the compression
corner for case 5 as seen in Fig. 9. The accompanying pressure
rise is illustrated in Fig. 12. However, note that the pressure
rise is larger than that of case 2. In addition, a secondary ex-
pansion wave at the expansion corner that was observed for

Fig. 9 Pressure contours for case 5.

Fig. 10 Pressure contours for case 6.

p(Pa)
3E+5 -

2E+5 -

1E+5 H E -

0.0 20.0
I

40.0 60.0
x(cm)

Fig. 11 Comparison of the pressure distributions on the lower
surface for Mx = 3.0.

p(Pa)
3E+5 -

2E+5 -

1E+5

20.0 40.0 60.0
x(cm)

Fig. 12 Comparison of the pressure distributions at j - 20 for
Mo, = 3.0.

p(Pa)

3E+5 -

1E+5 H [—————ifi?—ADV^A^

20.0 40.0 60.0
x(cm)

Fig. 13 Comparison of the pressure distributions at j = 50 for
Mm = 3.0.

p(Pa)

3E+5 -

2E+5 -

1E+5 HE- S? CEiV A;

0.0 20.0 40.0 60.0
x(cm)

Fig. 14 Comparison of the pressure distributions at j - 110 for
M» = 3.0.

case 2 is also generated for case 5 just behind the primary
expansion wave. This secondary wave is specified as an ex-
pansion wave similar to that of case 2 as evident in Fig. 12.
It is interesting to note that the pressure drop is almost the
same as that of case 2, whereas the pressure rise at the sec-
ondary compression wave at the compression corner is clearly
larger than that of case 2. The reflection of oblique shock from
the surface is accompanied with a wave at the upper surface
as shown in Fig. 10. This weak wave is classified as an ex-
pansion wave; however, the associated drop in pressure is not
clearly observed in Fig. 14. The secondary compression and
expansion waves at the corners do not appear for case 6. Note
that similar observation was made for case 3. However, the
secondary wave after reflection persist in cases 3 and 6.

Conclusions
A fourth-order modified Runge—Kutta scheme is used to

solve the fluid dynamics/magnetic field interaction phenome-
non. TVD models have been implemented as a dissipation
mechanism in the solution procedure. A set of new eigenvec-
tors that are required in the implementation of various TVD
models have been developed. The solutions are compared to
analytical solutions when available. The scheme is shown to
be accurate, efficient, and relatively robust.

A supersonic two-dimensional channel flow that includes a
compression corner, an expansion corner, shock/expansion in-
teraction, and wave reflections is investigated. A secondary set
of compression and expansion waves are identified when the
fluid is under the influence of the magnetic field. The wave
reflection is also influenced by the magnetic field, and the
shock reflection is in the form of a compound wave. It is
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evident that the wave strength and pattern are influenced by
the imposed magnetic field.
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